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PSEUDOMEROMORPHIC CURRENTS ON SUBVARIETIES
MATS ANDERSSON
Abstract. Let i : X → Y be pure-dimensional reduced subvariety of a smooth
manifold Y . We prove that the direct image of pseudomeromorphic currents on
X are pseudomeromorphic on Y . We also prove a partial converse: if i∗τ is pseu-
domeromorphic and has the standard extension property, then τ is pseudomer-
morphic on X.
1. Introduction
Let X be a pure-dimensional analytic space. In [5] was introduced the sheaf PMX
of pseudomeromorphic currents, and the definition was somewhat further widened
in [2]. The principal examples are semi-meromorphic forms and ∂¯ of such forms, as
well as direct images under modifications, natural projections, and open inclusions,
of such currents.
The interest of this sheaf relies on two facts. To begin with, many currents
that occur in multivariable residue theory are pseudomeromorphic; for instance
Coleff-Herrera products, [10], the more general Coleff-Herrera currents, [7], Bochner-
Martinelli type currents, introduced in [20], and for instance the currents introduced
in [1] and [4]. Moreover, pseudomeromorphic currents have some ”geometric” proper-
ties that are similar to basic properties of positive closed (∗, ∗)-currents. For instance,
for each analytic subvariety V ⊂ X and pseudomeromorphic current µ on X, the nat-
ural restriction of µ to X \ V has a canonical pesudomeromorphic extension 1X\V µ
to X, and
(1.1) 1V µ := µ− 1X\V µ
is pseudomeromorphic and has support on V . If V ′ is another subvariety, then
(1.2) 1V 1V ′µ = 1V ∩V ′µ.
Moreover, we have the dimension principle, that states that if τ is a pseudomero-
morphic (∗, p)-current with support on an analytic set with codimension larger than
p, then τ must vanish. These basic properties very useful or even indispensable tools
in, for instance, [5, 3, 2, 6, 17, 18, 19, 21].
If µ is pseudomeromorphic and has support on a pure-dimensional subvariety V ⊂
X we say that µ has the standard extension property, SEP, with respect to V , if
1Aµ = 0 for each subvariety A ⊂ V of positive codimension. We let W
X
V denote the
sheaf of pseudomeromorphic currents on X with support and the SEP on V .
Assume that i : X → Y is an embedding of a reduced pure-dimensional space X
into a smooth manifold Y . Recall that the sheaf of smooth forms on X is defined as
the quotient sheaf EX := E Y /Ker i∗. The image of ξ in EX is denoted by i∗ξ. By
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definition τ is a current on X, τ in CX , if it is in the dual of EX . This means that
there is a current µ on Y with support on X such that ξ ∧ µ = 0 for all test forms
ξ such that i∗ξ = 0, so that τ.i∗ξ := µ.ξ. It is therefore natural to write µ = i∗τ .
There is an induced ∂¯-operator on forms and currents on X. Here is our main result
in this note.
Theorem 1.1. Assume that i : X → Y is an embedding of a reduced pure-dimensional
space X into a smooth manifold Y .
(i) If τ is in PMX , then i∗τ is in PM
Y , and if τ is in WX then i∗τ is in W
Y
X .
(ii) If τ is in CX and i∗τ is in PM
Y , and in addition,
(1.3) 1Xsing i∗τ = 0,
then τ is in PMX . If i∗τ is in W
Y
X , then τ is in W
X .
That is, we have the natural mappings
i∗ : PM
X → PMY , i∗ : W
X →WYX .
Notice that the condition (1.3) in (ii) is automatically fulfilled if i∗τ is in W
Y
X .
The proof of Theorem 1.1 relies very much on the existence of a so-called strong
desingularization, see below. However we also need the following result which is
interesting in itself.
Proposition 1.2. If p : X ′ → X is a modification and X ′ is smooth, then
p∗ : PM(X
′)→ PM(X)
is surjective.
2. Pseudomeromorphic currents
Recall that in one complex variable t one can define the principal value current
1/tm, m ≥ 1, as the value at λ = 0 of the analytic continuation of |t|2λ/tm, a priori
defined when Reλ ≫ 0. The residue current ∂¯(1/tm) is the value at λ = 0 of
∂¯|t|2λ/tm; clearly it has support at t = 0.
Assume now that tj are holomorphic coordinates in an open set U ⊂ C
N . Since
we can take tensor products of one-variable currents, we can form the current
(2.1) τ = ∂¯
1
ta11
∧ · · · ∧ ∂¯
1
tarr
∧
α(t)
t
ar+1
r+1 · · · t
aN
N
,
where a1, . . . , ar are positive integers, ar+1, . . . , aN are nonnegative integers, and γ
is a smooth form with compact support in U . Such a τ is called an elementary
(pseudomeromorphic) current in U . It is commuting in the principal value factors
and anti-commuting in the residue factors.
Fix a point x ∈ X. We say that a germ µ of a current at x is pseudomeromorphic
at x, µ ∈ PMx, if it is a finite sum of currents of the form π∗τ = π
1
∗ · · · π
m
∗ τ , where
U is a neighborhood of x,
(2.2) Um
πm
−→ · · ·
π2
−→ U1
π1
−→ U0 = U ,
each πj : U j → U j−1 is either a modification, a simple projection U j−1 × Z → U j−1,
or an open inclusion (i.e., U j is an open subset of U j−1), and τ is elementary on Um.
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By definition the union PM = ∪xPMx is an open subset of the sheaf C = C
X
and hence it is a subsheaf, the sheaf of pseudomeromorphic currents, of C. A section
µ of PM over an open set V ⊂ X, µ ∈ PM(V), is then a locally finite sum
(2.3) µ =
∑
(πℓ)∗τℓ,
where each πℓ is a composition of mappings as in (2.2) (with U ⊂ V) and τℓ is
elementary. The definition here is from [2] and it is in turn a slight elaboration of
the definition introduced in [5].
If ξ is a smooth form, then ξ∧π∗τ = π∗
(
π∗ξ∧τ
)
. Thus PM is closed under exterior
multiplication by smooth forms. Notice that if τ is an elementary current, then ∂¯τ is
a finite sum of elementary currents. Since moreover ∂¯ commutes with push-forwards
it follows that PM is closed under ∂¯.
Assume that µ is pseudomeromorphic and V is a subvariety. Let h be a tuple of
holomorphic functions such that the common zero set is precisely V . The function
λ 7→ |h|2λµ (a priori defined for Reλ≫ 0) has a current-valued analytic continuation
to Reλ > −ǫ. The value at λ = 0 is precisely the pseudomeromorphic current 1X\V µ
mentioned above, and we write
(2.4) 1X\V µ = |h|
2λµ|λ=0.
One can also obtain 1X\V µ as a principal value: If χ is a smooth approximand of
the characteristic function of [1,∞) on R, then
(2.5) 1X\V µ = lim
δ→0+
χ(|h|/δ)µ.
Notice that 1V µ = µ if µ has support on V , cf., (1.1). The existence of (2.4) and the
independence of h follow from the corresponding statements for elementary currents,
noting that if µ = π∗τ , then |h|
2λµ = π∗(|π
∗h|2λτ) for Reλ ≫ 0. In the same way
one can reduce the verification of (2.5) to the case with elementary currents. Notice
that if p is a modification or simple projection, then, cf., (2.4),
(2.6) ξ∧p∗τ = p∗(p
∗ξ∧τ), 1V p∗τ = p∗
(
1p−1V τ
)
.
If τ is pseudomeromorphic and has support on V , and h is a holomorphic function
that vanishes on V , then h¯τ = 0 and dh¯∧τ = 0, see [5, 2]. This intuitively means
that the current τ only involves holomorphic derivatives of test forms.
3. Proofs
Lemma 3.1. Assume that τ is an elementary current of the form (2.1). Let tb =
tb11 · · · t
br
r be a monomial and γ a strictly positive smooth function. Then
|tb|2λγλ
tb
τ,
∂¯
(
|tb|2λγλ
)
tb
∧τ,
both have analytic continuation to Reλ > −ǫ, and the values at λ = 0 are elementary
pseudomeromorphic currents that are independent of γ,
Proof. First assume that γ = 1. Then the lemma is basically a one-variable state-
ment, and follows from the observation that
λ 7→
|tb|2λ
tb
α
tm
, λ 7→
∂¯|tb|2λ
tb
∧
α
tm
,
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admit the desired analytic continuations, and that the values at λ = 0 are the currents
α/tm+b and ∂¯(1/tm+b)∧α, respectively, together with the trivial fact that
λ 7→
|tb|2λ
tb
α∧∂¯
1
tm
= 0, λ 7→
∂¯|tb|2λ
tb
∧α∧∂¯
1
tm
= 0,
when Reλ≫ 0.
When γ is just strictly positive we introduce the complex parameter µ and notice
that
λ, µ 7→
|tb|2λγµ
tb
τ, λ, µ 7→
∂¯|tb|2λγµ
tb
∧τ,
are analytic for (λ, µ) ∈ {Reλ > −ǫ} × C. Thus the value at λ = µ = 0 can be
obtained by first letting µ = 0 and then λ = 0, and so we are back to the case when
γ = 1. 
Lemma 3.2. Assume that p : Y → X ⊂⊂ Cn is a modification or a simple projection
and τ is an elementary pseudomeromorphic current in X (with respect to the standard
coordinates in Cn). Then there is a modification p˜ : Y˜ → Y such that
τ = p∗p˜∗
∑
ℓ
τℓ,
where the sum is finite and each τℓ is elementary with respect to some local coordinates
in Y˜ .
Proof. Let us first assume that p is a modification and that τ is elementary with
respect to the coordinates tj in X, say of the form (2.1). Notice that p
∗tj are global
holomorphic functions in Y . There is a smooth modification p˜ : Y˜ → Y and an open
cover Uℓ of Y˜ such that, for each ℓ, all the functions p˜
∗p∗tj are monomials (with
respect to the same local coordinates s) times a nonvanishing holomorphic factor in
Uℓ. Take a partition of unity χℓ subordinate to Uℓ. If
τλ := τλ1,...,λN :=
∂¯|t1|
2λ1
ta11
∧ . . .∧
∂¯|tr|
2λr
tarr
∧α
|tr+1|
2λr+1
t
ar+1
r+1
· · ·
|tN |
2λN
taNN
,
where N ≤ n, then
τ = τλ1,...,λN |λN=0 · · · |λ1=0.
Let π = p˜ ◦ p. For λ≫ 0 we have that
π∗τλ =
∑
ℓ
χℓπ
∗τλ.
By repeated applications of Lemma 3.1 it follows, for each ℓ, that
(3.1) χℓπ
∗τλ|λN=0 · · · |λ1=0
exists and is a finite sum τ˜ℓ of elementary currents in Uℓ. Since τ
λ = π∗π
∗τλ when
Reλ≫ 0, we conclude that
τ = π∗
∑
ℓ
τ˜ℓ = p∗p˜∗
∑
ℓ
τ˜ℓ.
If p is a simple projection X ×X ′ → X, we can take any test form χ in X ′ with
total integral 1. Then the tensor product τ ⊗ χ is en elementary current in X ×X ′
such that p∗(τ ⊗ χ) = τ . 
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The order that we let λj be 0 in the proof is arbitrary. However, the single terms
τ˜ℓ in Y˜ , as well as the resulting current p˜τ , will depend on the order.
Proof of Proposition 1.2. Assume that µ = π∗τ , where π is a composed mapping
as in (2.2) and τ is elementary in Um. It is enough to see that µ = p∗µ
′ for some
µ′ ∈ PM(V) where V = p−1U . The proposition then follows since a general global
section for a locally finite sum och such µ since p is proper.
We claim that (2.2) can be extended to a commutative diagram
(3.2)
V˜ = Vm
π˜m−→ · · ·
π˜2−→ V1
π˜1−→ V0 = V
↓pm ↓p1 ↓p
U˜ = Um
πm−→ · · ·
π2−→ U1
π1
−→ U0 = U
so that each vertical map is a modification and each π˜j is either a modification, a
simple projection, or an open inclusion, cf., the proof of Proposition 2.7 in [2]. To see
this, assume that this is done up to level k. It is well-known that if πk+1 : Uk+1 → Uk
is a modification, then there are modifications π˜k+1 : Vk+1 → Vk and pk+1 : Vk+1 →
Uk+1 such that
Vk+1
π˜k+1
−→ Vk
↓pk+1 ↓pk
Uk+1
πk+1
−→ Uk
commutes. If instead Uk+1 = Uk ×Z then we simply take Vk+1 = Vk ×Z. Finally, if
i : Uk+1 → Uk is an open inclusion, then we take Vk+1 = p
−1
k Uk+1.
By Lemma 3.2 there is a pseudomeromorphic current τ˜ with compact support in
Vm such that pmτ˜ = τ . If π˜ is the composed mapping in the upper line, it follows
that µ′ = π˜∗τ˜ is pseudomeromorphic in V such that p∗µ
′ = µ.

Lemma 3.3. If µ ∈ PM(X) and µ′ ∈ PM(X ′), then τ ⊗ τ ′ ∈ PM(X ×X ′).
Proof. It is enough to consider the case µ = π∗τ , µ
′ = π′∗τ
′, where τ, τ ′ are elementary,
and π, π′ are compositions of mappings as in (2.2). However, it is easily verified that
then
π ⊗ π′ : Um × Um′ → U × U
′ ⊂ X ×X ′
is again a composition of modifications, simple projections, and open inclusions.
Since µ⊗ µ′ = (π ⊗ π′)∗τ ⊗ τ
′ it is pseudomeromorphic by definition. 
As already mentioned the proof of Theorem 1.1 relies on the existence of a strong
desingularization, see, e.g., [9] and the refererences given there. This means that there
is a smooth modification p : Y˜ → Y that is a biholomorphism outside Xsing and such
that the strict transform X˜ of X is a smooth submanifold of Y˜ and the restriction p′
of p to X˜ is a modification p′ : X˜ → X of X. Thus we have a commutative diagram
(3.3)
X˜
i˜
−→ Y˜
↓p′ ↓p
X
i
−→ Y
.
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Proof of Theorem 1.1. First assume that X is a smooth submanifold. The statement
(i) is local so we may assume that Y = Xz×C
r and i(z) = (z, 0). It is easily checked
that i∗τ is equal to the tensor product
(3.4) µ := τ∧[w = 0]
where [w = 0] means the point evalutation at 0 ∈ Cr. In view of Lemma 3.3 it is then
pseudomeromorphic since [w = 0] = ∂¯ 1
w
∧dw(2πi)−r is. For a test form ξ = ξ(z, w),
we can write ξ = ξ′ + ξ′′, where ξ′ contains no occurrences of dwj or dw¯j . Then
i∗τ.ξ = τ.i
∗ξ = τ.i∗ξ′ = τ.ξ′(·, 0) = µ.ξ,
cf., (3.4), and hence i∗τ = µ is pseudomeromorphic in Y . Now assume that i : X → Y
is arbitrary and consider (3.3). Any τ ∈ PM(X) can be written p′∗τ˜ for some
τ˜ ∈ PM(X˜) according to Proposition 1.2. By the first part we now that i˜∗τ˜ is
pseudomeromorphic in Y˜ . Thus i∗τ = i∗p
′
∗τ˜ = p∗i˜∗τ˜ is pseudomeromorphic in Y ,
and so the first part of (i) is proved.
Assume that V ⊂ X has positive codimension. Since i−1V = V we have, cf., (2.6),
that 1V i∗τ = i∗1V τ . Thus i∗τ is in W
Y
X if (and only if) τ is in W
X , and so the
second part of (i) follows.
We now consider (ii). Again assume first that X is smooth. Again the statement is
local so we may assume that Y = Xz×C
r
w. Let π : Y → Xz be the projection (z, w) 7→
z. Since i∗τ is pseudomeromorphic by assumption also p∗i∗τ is pseudomeromorphic.
Now,
p∗i∗τ.i
∗ξ = i∗τ.p
∗i∗ξ = i∗τ.ξ
′(·, 0) = τ.i∗ξ,
for all test forms ξ, and hence p∗i∗τ . We conclude that τ is in PM
X . Thus (ii) holds
in case X ⊂ Y is smooth.
Now assume that i : X → Y is general, µ := i∗τ ∈ PM(Y ), and consider (3.3).
We claim that µ = p∗µ˜, where µ˜ ∈ PM(Y˜ ), µ˜ has support on X˜ , and 1p−1Xsing µ˜ = 0.
To begin with µ = p∗µˆ for some µˆ ∈ PM(Y˜ ) according to Proposition 1.2. Since
0 = 1Y \Xp∗µˆ = p∗(1Y˜ \p−1X µˆ),
cf., (2.6), we have that µ = p∗µ
′ where µ′ := 1p−1X µˆ has support on p
−1X. Notice
that this set is in general much larger than the strict transform X˜ of X. Now
µ′ = 1p−1Xsingµ
′ + 1p−1(X\Xsing)µ
′
and, by assumption (1.3), 0 = 1Xsingµ = p∗1p−1Xsingµ
′, and thus µ = p∗µ˜ where
µ˜ := 1p−1(X\Xsing)µ
′
has support on the closure of p−1(X \ Xsing) which is (contained in) X˜. Thus the
claim is proved.
Next we claim that µ˜ = i˜∗τ˜ for a current τ˜ on X˜. In fact, let ξ is a test form
on Y˜ such that i˜∗ξ = 0. Since p is a biholomorphism outside p−1Xsing, ξ∧µ˜ = 0
there since µ = i∗τ there. Since µ˜ has support on X˜ it follows that ξ∧µ˜ = 0 outside
X˜ ∩ p−1Xsing, and hence ξ∧µ˜ = 0 by continuity. Thus the claim follows.
From the smooth case we know that τ˜ is pseudomeromorphic and therefore p′∗τ˜
is pseudomeromorphic as well. Finally, i∗p
′
∗τ˜ = p∗i˜∗τ˜ = p∗µ˜ = µ = i∗τ and thus
p′∗τ˜ = τ . Thus τ is pseudomeromorphic. The second part of (ii) is verified as the
second part of (i). 
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